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ON THE DIRECT PRODUCT OF PARTIAL BURNSIDE RINGS
MASAHIRO WAKATAKE
Abstract. In this paper, we describe the structure of the direct product of
partial Burnside rings of relative to the collection of a finite group. In par-
ticular, we t the unit group of the partial Burnside ring relative to the set of
all parabolic subgroups of a reducible finite Coxeter group is isomorphic to
the direct product of unit groups of the partial Burnside ring of irreducible
Coxeter group.
1. Introduction
Let G be a finite group. The unit group of the Burnside ring of G has been
studied (see [1], [3], [9], [11]). Yoshida introduced a theory of generalized Burnside
ring (GBR for short) with respect to a family of subgroups of G (see [10]). In 2015,
the study of the unit group of the GBR relative to a collection of G was started by
Idei and Oda (see [2]). Also it is discussed by [4] and [5].
This paper presents some results of the unit group of the GBR of a reducible
finite Coxeter group.
The Burnside ring of a finite groupG is defined to be the Grothendieck ring of the
semi-ring generated by isomorphism classes of finite (left) G-sets where the addition
and multiplication are given by disjoint unions and Cartesian products. Denote by
Ω(G) the Burnside ring of G. If a family D of subgroups of G contains G and it
is closed under taking conjugation and intersection, then D is called a collection
of G. We call the Grothendieck ring of the semi-ring generated by isomorphism
classes of finite (left) G-sets whose stabilizers of any element lie in a collection D of
G a partial Burnside ring (PBR for shot) relative to D of G. We denote the PBR
relative to a collection D of G by Ω(G,D). Let W be a finite Coxeter group with
Coxeter system (W,S). Then a subgroup P of W is called parabolic subgroup if
there exists J ⊆ S and g ∈ W such that P = g−1 〈J〉 g. If W is a finite Coxeter
group, then the set of all parabolic subgroups of W is a collection of W (see [8]).
Denote by PW the set of all parabolic subgroups of a Coxeter group W .
The paper is organized as follows. In Section 2, we recall the basic definitions
and results from GBR and PBR. In Section 3, we consider the relationship between
the direct product of PBR, tensor product of PBR, and PBR of direct product.
Section 4 determines the structure of the unit group of the PBR relative to the set
of all parabolic subgroups of a reducible finite Coxeter group.
For a unitary ring R, write R× for the unit group of R. For the PBR of a finite
Coxeter group relative to the set of all parabolic subgroups, the following lemma is
well known.
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Lemma 4.2 ([7]). Let W be a finite Coxeter group with Coxeter system (W,S).
Then the element
εW :=
∑
J⊆S
(−1)|J|[W/ 〈J〉]
lies in Ω(W,PW )
×.
We call εW in Lemma 4.2 a sign unit of Ω(W,P).
The cardinality of the unit group of the PBR relative to PW of a finite Coxeter
group W is 4 if W is a irreducible Coxeter group with type A,B,D,E6,E7, or E8
(see [2],[5]).
The main result of the paper is the following:
Theorem 4.3. Let W be a finite group and let (W,S) be a reducible Coxeter system
with ℓ-irreducible Coxeter system (Wt, St) for t = 1, · · · , ℓ, namely W =
∏ℓ
i=1Wi
and S =
⊔ℓ
i=1 Si. Then the following holds:
(1) |Ω(W,PW )
×| = 1
2ℓ−1
∏ℓ
i=1 |Ω(Wi,PWi)
×|.
(2) If εW is the sign unit of Ω(W,S), then εW =
∏ℓ
i=1 fi(εWi) .
Theorem 4.3 is special case of key result (Lemma 3.5), and the result is extension
of [6].
2. Preliminaries
2.1. Notation. Let G be a finite group. Denote by S(G) the set of subgroups of
G. For a family D of subgroups of G with closed under G-conjugation, write Dc
for the set of the conjugacy classes of D. Denote by (H) the set of all G-conjugate
subgroups of a subgroup H of G. Denote by [X ] the isomorphism class of finite
G-set X . For a family D of subgroups of G, a G-set X is called a (G,D)-set if
the stabilizer of any element of X lies in D. If X is a finite set, write |X | for the
cardinality of X . Denote by
⊔
the disjoint union of sets.
2.2. Partial Burnside rings. Let G be a finite group. Then the Burnside ring
Ω(G) ofG can be regarded as a free abelian group with basis { [G/H ] | (H) ∈ S(G)c }.
The multiplication in the ring is given by
[G/H ] · [G/K] =
∑
HgK∈H\G/K
[G/(H ∩ gKg−1)].
For a family D of subgroups of G with closed under taking conjugation, we put
Ω(G,D) := 〈[G/H ] | (H) ∈ Dc〉
Z
.
Definition 2.1. Let G be a finite group and let D be a family of subgroup of G.
We call D a collection of G if D satisfies the following 3 conditions:
• G ∈ D
• H,K ∈ D ⇒ H ∩K ∈ D
• H ∈ D, g ∈ G⇒ gHg−1 ∈ D
If D is a collection of G, then Ω(G,D) is a subring of Ω(G), hence Ω(G,D) is
called a partial Burnside ring (PBR for short) relative to D of G.
For K ≤ G and a G-set X , we set
invK(X) := {x ∈ X |kx = x for all k ∈ K}.
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If D is a collection of G, then for each K ∈ D, the Z-linear map ϕGK : Ω(G,D)→ Z
which is induced by [G/H ] 7→ #invK(G/H) is a ring homomorphism. By [10,
Theorem 3.10], the map ϕG = (ϕGK) : Ω(G,D) →
∏
(K)∈Dc Z is an injective ring
homomorphism, where ϕG is called the Burnside homomorphism. Hence the unit
group of the Burnside ring of a finite group is an elementary abelian 2-group.
3. Direct product of PBRs
Let Gt be a finite group, and let Dt be a collection of Gt for each t ∈ {1, · · · , ℓ}.
Then
∏ℓ
i=1Di is a collection of
∏ℓ
i=1Gi.
Lemma 3.1. Let Gt be a finite group, and let Dt be a collection of Gt for t = 1, 2.
Then
Ω(G1,D1)⊗Z Ω(G2, D2) ≃ Ω(G1 ×G2,D1 ×D2)
as rings.
Proof. We put G := G1 × G2, D := D1 × D2. Let Xt be a (Gt,Dt)-set for
t = 1, 2. The correspondence (X1, X2) 7→ X1 × X2 induces a bilinear map from
Ω(G1,D1) ×Z Ω(G2,D2) to Ω(G1 × G2,D1 × D2), hence there exists an injective
module homomorphism
π2 : Ω(G1,D1)⊗Z Ω(G2,D2) −→ Ω(G1 ×G2,D1 ×D2).
If Xi is a (Gi,Di)-set of cardinality 1, then X1 ×X2 is a (G,D)-set of cardinality
1. Moreover, for any (G1,D1)-set X1, X
′
2, (G2,D2)-set X2, X
′
2, the map
(X1 ×X
′
1)× (X2 ×X
′
2) −→ (X1 ×X2)× (X
′
1 ×X
′
2)
defined by
((x1, x
′
1), (x2, x
′
2)) 7−→ ((x1, x2), (x
′
1, x
′
2))
is an isomorphism of G-sets. This shows the map π2 is a ring homomorphism. The
partial Burnside ring Ω(Gt,Dt) is a free abelian group with the basis {[Gt/Ht]|(Ht) ∈
Dct}, hence the Ω(G1,D1)⊗ZΩ(G2, D2) is a free abelian group with basis {[G1/H1]⊗
[G2/H2]|(Ht) ∈ D
c
t , t = 1, 2}. Moreover, it is easy to see that π2([G1/H1] ⊗
[G2/H2]) = [(G1×G2)/(H1×H2)], so the map π2 is surjective. Therefore the map
π2 is a ring isomorphism. 
In the rest of this section, let Gt be a finite group, and let Dt be a collection of
Gt for t = 1, · · · , ℓ.
Lemma 3.1 shows the following.
Corollary 3.2. The map
πℓ :
ℓ⊗
i=1
Ω(Gi,Di) −→ Ω(
ℓ∏
i=1
Gi
ℓ∏
i=1
Di)
induced by a bilinear map
∏ℓ
i=1Ω(Gi,Di)→ Ω(
∏ℓ
i=1Gi,
∏ℓ
i=1Di) given by (X1, · · · , Xℓ)→
X1 × · · · ×Xℓ is a ring isomorphism.
The following lemma is well known.
Lemma 3.3. If the map
ρℓ :
ℓ∏
i=1
Ω(Gi,Di) −→
ℓ⊗
i=1
Ω(Gi,Di)
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is a canonical Z-linear map, then the map ρℓ is a surjective ring homomorphism.
For each i ∈ {1, · · · , ℓ} let Gi be a finite group and let Di be a collection of Gi.
Then for each j ∈ {1, · · · , ℓ} it is easy to see that the ring homomorphism
fj : Ω(Gj ,Dj) −→ Ω(
ℓ∏
i=1
Gi,
ℓ∏
i=1
Di)
which is induced by [Gj/H ] 7−→ [
∏ℓ
i=1Gi/Ĥj ] is injective, where Ĥj = G1 × · · · ×
Gj−1 ×H ×Gj+1 × · · · ×Gℓ.
Lemma 3.4. If xt ∈ Ω(Gt,Dt) and Ht ∈ Dt for t = 1, · · · , ℓ, then
ϕG∏ℓ
i=1
Hi
(fj(xj)) = ϕ
Gj
Hj
(xj) (j = 1, · · · , ℓ),
where G =
∏ℓ
i=1Gi and Ĥjj = G1 × · · · ×Gj−1 ×Hj ×Gj+1 × · · · ×Gℓ.
Proof. For K ∈ Dj ,
[G/K̂j] =[(G1/G1)× · · · × (Gj−1/Gj−1)× (Gj/K)
× (Gj+1/Gj+1)× · · · × (Gℓ/Gℓ)]
in Ω(G,
∏ℓ
i=1Di). Hence
ϕG∏ℓ
i=1
Hi
(fj([Gj/K])) =
∣∣∣inv∏ℓ
i=1 Hi
(G/K̂j)
∣∣∣
= ϕ
Gj
Hj
([Gj/Kj]).
Since ϕG and fj are ring homomorphisms, this completed the proof of the lemma.

Lemma 3.5. For each t ∈ {1, · · · , ℓ} let Gt be a finite group and let Dt be a
collection of Gt. Then,∣∣∣∣∣
ℓ∏
i=1
Ω(Gi,Di)
×
∣∣∣∣∣ = 2ℓ−1|Ω(
ℓ∏
i=1
Gi,
ℓ∏
i=1
Di)
×|.
In particular, if |Ω(Gi,Di)
×| = 2ri+1 and Ω(Gi,Di)
× = 〈−1Ω(Gi), u
(i)
1 , · · · , u
(i)
ri 〉 for
each i ∈ {1, · · · , ℓ}, then
Ω(
ℓ∏
i=1
Gi,
ℓ∏
i=1
Di)
×
=
〈
{−1Ω(G)} ∪
ℓ⊔
i=1
{fi(u
(i)
1 ), · · · , fi(u
(i)
ri )}
〉
.
Proof. Now,
⊗ℓ
i=1Ω(Gi,Di) is isomorphic to Ω(
∏ℓ
i=1Gi,
∏ℓ
i=1Di) by Corollary
3.2. The map
ρ×ℓ :
ℓ∏
i=1
Ω(Gi,Di)
× −→
(
ℓ⊗
i=1
Ω(Gi,Di)
)×
,
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which obtained by ρℓ in Lemma 3.3, is a group homomorphism. It suffices to show
that | kerρ×ℓ | = 2
ℓ−1. We put G :=
∏ℓ
i=1Gi, Ĥj = G1 × · · · ×Gj−1 ×H ×Gj+1 ×
· · · ×Gℓ ≤ G for H ∈ Dj . Since if Kt ∈ Dt for each t = 1, · · · , ℓ, then
πℓ([G1/K1]⊗ · · · ⊗ [Gℓ/Kℓ])
=
ℓ∏
i=1
[G/G1 × · · · ×Gi−1×Ki ×Gi+1 × · · ·Gℓ],
Lemma 3.4 shows that for any H,H ′ ∈ Dj and (x1, · · · , xℓ) ∈ ker ρ
×
ℓ ,
ϕG
Ĥj
◦ πℓ(x1 ⊗ · · · ⊗ xℓ)
= ϕG
Ĥj
(
ℓ∏
i=1
fi(xi))
= ϕG1G1(x1) · · ·ϕ
Gj
H (xj) · · ·ϕ
Gℓ
Gℓ
(xℓ)
= ϕG
Ĥj
◦ πℓ(1Ω(G1) ⊗ · · · ⊗ 1Ω(Gℓ))
= 1,
and
ϕG
Ĥ′j
◦ πℓ(x1 ⊗ · · · ⊗ xℓ)
= ϕG
Ĥ′j
(
ℓ∏
i=1
fi(xi))
= ϕG1G1(x1) · · ·ϕ
Gj
H′ (xj) · · ·ϕ
Gℓ
Gℓ
(xℓ)
= ϕG
Ĥ′j
◦ πℓ(1Ω(G1) ⊗ · · · ⊗ 1Ω(Gℓ))
= 1,
for j = 1, · · · , ℓ. Thus we obtain ϕ
Gj
H (xj) = ϕ
Gj
H′ (xj) and ϕ
Gj
H (xj) has a value of 1
or −1. Furthermore by injectivity of the Burnside homomorphism ϕGj , xj = 1Ω(Gi)
or −1Ω(Gi) for j = 1, · · · , ℓ. Therefore
| kerρ×ℓ | =
⌊ ℓ
2
⌋∑
k=0
(
ℓ
2k
)
= 2ℓ−1.
Next we assume that |Ω(Gi,Di)
×| = 2ri+1 and Ω(Gi,Di)
× = 〈−1Ω(Gi), u
(i)
1 , · · · , u
(i)
ri 〉
for each i ∈ {1, · · · , ℓ}. We put
L := {−1Ω(G)} ∪
ℓ⊔
i=1
{fi(u
(i)
1 ), · · · , fi(u
(i)
ri )}.
Since for H ∈ Dj ,K ∈ Dk(j < k),
[G/Ĥj ] · [G/K̂k] = [G/G1 × · · · ×H × · · · ×K × · · ·Gℓ]
and fj([G/Hj ]) = [G/Ĥj ], it is easy to see that
fj(u
(j)
k ) /∈ 〈L\fj(u
(j)
k )〉
for any j, k ∈ {1, · · · , ℓ}. Therefore
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| < L > | = 21+r1+···+rℓ
=
1
2ℓ−1
∣∣∣∣∣
ℓ∏
i=1
Ω(Gi,Di)
×
∣∣∣∣∣
= |Ω(
ℓ∏
i=1
Gi,
ℓ∏
i=1
Di)
×|.
This completes the proof. 
4. PBR of a reducible finite Coxeter group
Definition 4.1. Let W be a finite Coxeter group with Coxeter system (W,S). Then
a subgroup P is called parabolic subgroup if there exists J ⊆ S such that (P ) = (〈J〉).
The PW denote the set of all parabolic subgroups of W .
Let W be a finite Coxeter group. Then the set PW of all parabolic subgroups of
W becomes a collection (see [8]). So Ω(W,PW ) is the PBR of W relative to PW .
For the PBR of a finite Coxeter group relative to the set of all parabolic subgroups,
the following lemma is well known.
Lemma 4.2 ([7]). Let W be a finite Coxeter group with Coxeter system (W,S).
Then the element
εW :=
∑
J⊆S
(−1)|J|[W/ 〈J〉]
lies in Ω(W,PW )
×. Moreover, for P ∈ PW with (P ) = (〈J〉),
ϕWP (εW ) = (−1)
|J|.
We call εW in Lemma 4.2 a sign unit of Ω(W,P).
Theorem 4.3. Let W be a finite group and let (W,S) be a reducible Coxeter system
with ℓ-irreducible Coxeter system (Wt, St) for t = 1, · · · , ℓ, namely W =
∏ℓ
i=1Wi
and S =
⊔ℓ
i=1 Si. Then the following holds:
(1) |Ω(W,PW )
×| = 1
2ℓ−1
∏ℓ
i=1 |Ω(Wi,PWi)
×|, where PWi is the set of all para-
bolic subgroups of Wi for i = 1, · · · , ℓ.
(2) If εW is the sign unit of Ω(W,S), then εW =
∏ℓ
i=1 fi(εWi) .
Proof. Since PW =
∏ℓ
i=1 PWi , we obtain (1) by Lemma 3.5. Let J be a subset
of S with J =
⊔ℓ
i=1 Ji and Ji ⊆ Si for each i, then 〈J〉 = 〈
⊔ℓ
i=1 Ji〉 =
∏ℓ
i=1 〈Ji〉.
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Therefore for P ∈ PW if (P ) = (〈J〉), then we have
ϕWP (
ℓ∏
i=1
fi(εWi)) = ϕ
W∏
ℓ
i=1
〈Ji〉
(
ℓ∏
i=1
fi(εWi))
=
ℓ∏
i=1
ϕWi〈Ji〉(εWi)
= (−1)
∑ℓ
i=1
|Ji|
= (−1)|
⊔ℓ
i=1
Ji|
= (−1)|J|
= ϕWP (εW )
by Lemma 3.4. Therefore we obtain (2) by injectivity of the Burnside homomor-
phism ϕW . 
For a unit group of the PBR relative PW of a irreducible finite Coxeter group
,there are the following theorems.
Theorem 4.4 ([2]). Let W =W (A) is a Coxeter group of type A. Then,
|Ω(W,PW )
×| = 4.
Theorem 4.5 ([5]). Let W be a irreducible finite Coxeter group. If the type of W
is B,D,E6,E7 or E8, then
|Ω(W,PW )
×| = 4.
It is easy to see that the following by calculation.
Theorem 4.6. Let W =W (I2(m)) is a Coxeter group of type I2(m). Then,
|Ω(W,PW )
×| = 4.
Also Theorem 4.3 shows the following.
Corollary 4.7. LetW be a finite group and let (W,S) be a reducible Coxeter system
with ℓ-irreducible Coxeter system (Wt, St) for t = 1, · · · , ℓ. If |Ω(Wt,PWt)
×| = 4
for any t ∈ {1, · · · , ℓ}, then the following holds:
(i) |Ω(W,PW )
×| = 2ℓ+1.
(ii) Ω(W,PW )
× = 〈−1Ω(W ), f1(εW1), · · · , fℓ(εWℓ)〉, where εWi is a sign unit of
Ω(Wi,PWi) for each i ∈ {1, · · · , ℓ}.
References
[1] Bouc, S.: The functor of units of Burnside rings for p-groups, Comm. Math. Helv. 82 (2007),
583–615.
[2] Idei, H. ; Oda, F.: The table of marks, the Kostka matrix, and the character table of the
symmetric group, J. Algebra 429 (2015) 318–323.
[3] Matsuda, T.: On the unit groups of Burnside rings, Japan. J. Math. (N.S.)8 (1982), no. 1,
71–93.
[4] Oda, F. ; Takegahara, Y. ; Yoshida, T.: The units of a partial Burnside ring relative to the
Young subgroups of a symmetric group, J. Algebra 460 (2016), 370–379.
[5] Oda, F. ; Takegahara, Y. ; Yoshida, T.:Lefschetz invariants and Young characters for repre-
sentations of the hyperoctahedral groups, submitted.
[6] Oda, F. ; Wakatake, M.: The unit group of a partial Burnside ring of a reducible Coxeter
group of type A, Hokkaido Math. J., to appear.
8 MASAHIRO WAKATAKE
[7] Solomon, L.: The orders of the finite Chevalley groups, J. Algebra 3 (1966), 376–393.
[8] Solomon, L.: A Mackey Formula in the Group Ring of a Coxeter Group, J. Algebra 41
(1976), 255–264.
[9] tom Dieck, T.: Transformation Groups and Representation Theory, Lecture Notes in Math-
ematics, 766, Springer, Berlin, 1979.
[10] Yoshida, T.: The generalized Burnside ring of a finite group, Hokkaido Math. J. 19, (1990),
509–574.
[11] Yoshida, T.: On the unit groups of Burnside rings, J. Math. Soc. Japan 42 (1990), no. 1,
31–64.
(Masahiro Wakatake) Department of Mathematics, Kindai University, 3-4-1 Kowakae,
Higashiosaka City, Osaka 577-8502, Japan
